In this paper, we establish the existence of at least four distinct solutions to an Kirchhoff type problems involving the critical Caffareli-Kohn-Niremberg exponent, concave term and sign-changing weights, by using the Nehari manifold and mountain pass theorem.
Introduction
In this paper, we consider the multiplicity results of positive solutions of the following Kirchhoff problem ( ) has been studied by various researchers and many interesting and important results can be found. In [2] , it was pointed out that the problem (1.2) models several physical systems, where u describes a process which depend on the average of itself. Nonlocal effect also finds its applications in biological systems.
The movement, modeled by the integral term, is assumed to be dependent on the energy of the entire system with u being its population density. Alternatively, the movement of a particular species may be subject to the total population density within the domain (for instance, the spreading of bacteria) which gives rise to equations of the type Researchers, such as Mao and Zhang [7] , Mao and Luan [8] , found sign-changing solutions. As for in nitely many solutions, we refer readers to [9] [10]. He and Zou [11] considered the class of Kirchhoff type problem when (F) f is a continuous function satisfies: 
Here, ( ) , B a r denotes the ball centered at a with radius r.
In our work, we research the critical points as the minimizers of the energy functional associated to the problem (1.1) on the constraint defined by the Nehari manifold, which are solutions of our problem.
Let 0 µ be real number such that
Now we can state our main results.
, and (F) satisfied and µ verifying 0 µ µ < , then the problem (1.1) has at least one positive solution. Theorem 2 In addition to the assumptions of the Theorem 1, if (G) hold, then there exists 1 0 µ > such that for all µ verifying ( )
the problem (1.1) has at least two positive solutions. Theorem 3 In addition to the assumptions of the Theorem 2, assuming 0 µ < , then the problem (1.1) has at least two positive solution and two opposite solutions.
This paper is organized as follows. In Section 2, we give some preliminaries. Section 3 and 4 are devoted to the proofs of Theorems 1 and 2. In the last Section, we prove the Theorem 3.
Preliminaries
Definition 1 Let c ∈  , E a Banach space and 
2) there exist ( )
then c is critical value of J such that c r ≥ .
Nehari Manifold
It is well known that the functional J is of class
0   and the solutions of (1.1) are the critical points of J which is not bounded below on ( ) Now, we split  in three parts:
Note that  contains every nontrivial solution of the problem (1.1).
Moreover, we have the following results.
Lemma 2 J is coercive and bounded from below on  . Proof. If u ∈  , then by (2.3) and the Hölder inequality, we deduce that 
Thus, J is coercive and bounded from below on  .
We have the following results. 
From (2.5) and (2.6), we obtain 0 µ µ ≥ , which contradicts an hypothesis. 
2) Let u − ∈  . By (2.4) and the Hölder inequality we get ( ) 
Thus, for all µ such that 
We define: 
Lemma 6 Let µ real parameters such that 0 0 µ µ < < . For each u ∈  we have: Proof. With minor modifications, we refer to [13] . Proposition 1 (see [13] 
4) If

Proof of Theorems 1
Now, taking as a starting point the work of Tarantello [12] , we establish the existence of a local minimum for J on 
We get a contradiction. Therefore, n u converge to 0 u + strongly in 
Proof of Theorem 2
Next, we establish the existence of a local minimum for J on 
